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A N. BOURBAKI TYPE GENERAL THEORY AND THEPROPERTIES OF CONTRACTING SYMBOLS ANDCORRESPONDING CONTRACTED FORMSSH. PKHAKADZE yAbstra
t. A system of 
ontra
ting symbols is introdu
ed for a N. Bo-urbaki type general mathemati
al theory 
orresponding to a general
lassi
al mathemati
al theory T .The 
lassi
al formal mathemati
al theory 
orresponding to the formaltheory T � of N. Bourbaki [1℄ is studied in [2℄, where a notation theoryfor N. Bourbaki's formal theory is developed. The goal of this paper is tostudy similar questions for a N. Bourbaki type general mathemati
al theory
orresponding to the general 
lassi
al mathemati
al theory T de�ned in [3℄.1. The Notation Theory for TWe �rst re
all very brie
y and somewhat informally some basi
 de�ni-tions 
on
erning the introdu
tion of 
ontra
ting symbols in the theory T .We do not de�ne the employed 
on
epts in their full generality, and referto [3℄ for more details.The alphabet A of T may 
ontain (a) an enumeration of n-ary predi
atevariables and/or improper 
onstants, 
alled also n-ary predi
ate letters orn-ary relational spe
ial letters or simply n-ary predi
ates. 0-ary predi
atevariables (
onstants, letters) are also 
alled propositional variables (
on-stants, letters); (b) an enumeration of n-ary substantive spe
ial variablesand/or improper 
onstants, 
alled also n-ary substantive spe
ial letters orn-ary fun
tions. 0-ary fun
tion variables (
onstants, letters) are 
alled also1991 Mathemati
s Subje
t Classi�
ation. 03B99.Key words and phrases. General 
lassi
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180 SH. PKHAKADZEobje
t variables (
onstants, letters); (
) operator signs and (d) simple oper-ators. Improper predi
ate and fun
tion 
onstants are similar to variables inthat they 
an be bound. All the above symbols are 
alled main, in order todistinguish them from the de�ned or 
ontra
ting symbols to be introdu
edbelow. Variables and improper 
onstants introdu
ed in (a) and (b) are also
alled quanti�er letters.Every simple operator has a weight or an arity n, and every operator sign� has a weight or arity (n;m), su
h that all or some (spe
i�ed below) wordsof the form �a1 : : : am, where a1 : : : am are variables or improper 
onstants(i.e., quanti�er letters), are 
ompound operators or quanti�ers with weight(arity) n. Ea
h ai ranges (independent of other aj 's) over all quanti�ervariables or letters of one of the types (a) or (b) above. Further, n = 0implies m = 0. The o

urren
es of a1 : : : am in �a1 : : : am are 
alled theoperator letters of �a1 : : : am. (Thus operator letters are o

urren
es ofquanti�er letters; the latter are not o

urren
es.)Every quanti�er �a1 : : : am (and the 
orresponding quanti�er sign �) hasa binding indi
ator whi
h is a tuple (m1; : : : ;ml), where m1; : : : ;ml is asubsequen
e of 1; : : : ;m. The binding indi
ator spe
i�es the binding s
opeof the quanti�er. When (m1; : : : ;ml) 6= (1; : : : ;m), the operator is partial;otherwise it is total. For example, the integral R A2A1 Adx in our notation iswritten as R xA1A2A, where R is a quanti�er sign with arity (3; 1), logi
alityindi
ator ( ), and binding indi
ator (3); x is an obje
t variable, i.e., 0-aryfun
tion variable; and A1; A2; A are terms (to be de�ned below). So thequanti�er R x binds free o

urren
es of x only in A.Further, every operator has a logi
ality indi
ator { a tuple (n1; : : : ; nk),where n1; : : : ; nk is a subsequen
e of 1; : : : ; n. If (n1; : : : ; nk) = ( ), resp.(n1; : : : ; nk) = (1; : : : ; n), then the operator is 
alled spe
ial, resp. logi
al;otherwise, it is logi
al-spe
ial. Finally, every operator is either relational orsubstantive. This 
lassi�
ation of operators is needed to 
orre
tly 
onstru
t(and distinguish between) formulas and terms, and will be 
lear in the nextparagraph.In T , synta
ti
ally 
orre
t expressions are forms; a form is either a termor a formula. Terms are forms of the same type, and so are formulas { theformer are obje
t forms, and the latter are propositional forms. Terms andformulas are de�ned indu
tively as follows: propositional letters are formu-las and obje
t letters are terms. Further, if �a1 : : : am is an n-ary (simple or
ompound) operator (m � 0; n > 0) with logi
ality indi
ator (n1; : : : ; nk)and A1; : : : ; An are su
h forms that An1 ; : : : ; Ank is the maximal subse-quen
e of formulas in the sequen
e A1; : : : ; An, then �a1 : : : amA1; : : : ; Anis either a formula or a term depending on whether the operator � is rela-tional or substantive.Free and bound o

urren
es (of variables and improper 
onstants) in a



A N. BOURBAKI TYPE GENERAL THEORY 181form are de�ned as usual, where it is understood that if the binding in-di
ator of a quanti�er �a1 : : : am is (m1; : : : ;ml), then its (expli
it) o

ur-ren
e in a form �a1 : : : amA1; : : : ; An binds free o

urren
es of ai only inthe arguments Am1 ; : : : ; Aml . Two forms are 
alled 
ongruent if one is ob-tained from the other by renaming the bound variables. A word of theform (A1 : : : An=a1 : : : an)A0, where A1 : : : An; A0 are forms, a1 : : : an are 0-ary quanti�er variables (i.e., propositional or obje
t variables or improper
onstants), and Ai and ai are of the same type, denotes the result of simul-taneous substitution of A1 : : : An for free o

urren
es of a1 : : : an in A0. Thismay require the renaming of the bound variables and improper 
onstantsin A0 to avoid 
apture of free variables of Ai after the substitution.Let a1; : : : ; am be metavariables su
h that ea
h ai ranges over the 
lassof all predi
ate or obje
t quanti�er variables or letters; and let A1; : : : ; Anbe metavariables su
h that ea
h Aj ranges over the 
lass of all formulas orall terms (of the theory T or its extension). Forms 
onstru
ted using themetavariables a1; : : : ; am; A1; : : : ; An and ( = )-substitutions are de�ned sim-ilarly to forms, by (a) de
laring that the metavariables A1; : : : ; An are formsof the 
orresponding type; (b) identifying the metavariables a1; : : : ; am withletters of the 
orresponding type; and (
) de
laring that words of the form(A01 : : : A0k=a01 : : : a0k)A00 are forms, where A0j are forms, a0i are metavariablesfrom the list a1; : : : ; am, and the types mat
h (i.e., A0i and a0i are of thesame type, i = 1; : : : ; k).Now we 
an introdu
e de�nitions of 
ontra
ting symbols in the theory T .The theory obtained from T by adding 
ontra
ting symbols in the alphabet(as main symbols of 
orresponding types) is denoted by eT . New symbols{ operators and operator signs { are introdu
ed in some order, and ea
hde�nition has the form�a1 : : : amA1 : : : An B; (1)where a1; : : : ; am; A1; : : : ; An are metavariables, ea
h ranged over a 
lass ofquanti�er letters or forms (as spe
i�ed above), and B is a form 
onstru
tedusing metavariables and ( = )-substitutions. Besides main operators, B may
ontain only the previously introdu
ed 
ontra
ting symbols.Depending on further 
onditions imposed on B, the 
ontra
ting symbolsare 
lassi�ed into types I; II; II 0; III; IV; IV 0; V; V I; V I 0 and V II . Des
rip-tions of types I; II; II 0; III and IV 0 
an be obtained by weakening some
onditions in the de�nition of type IV . The remaining types V; V I; V I 0 andV II are introdu
ed [3℄ mainly to demonstrate that, after weakening someof the restri
tions imposed on the other types, many desirable properties ofthe 
lass of 
ontra
ting symbols are no longer valid. Therefore we do not
onsider these types of 
ontra
ting symbols here. It will be 
lear from thede�nition below that the weight, logi
ality indi
ator and binding indi
atorof a 
ontra
ting symbol 
an be determined from its de�nition.



182 SH. PKHAKADZEType IV : Besides the 
onditions spe
i�ed above, the right-hand side Bof de�nition (1) satis�es the following 
onditions (a1S); (bS); (
1) and (dS):(a1S) B is a form 
onstru
ted using ( = )-substitutions and metavariablesa1 : : : am; A1 : : : An; b1; : : : ; bk (2)and 
ontaining these metavariables, where bi is a metavariableranged over a 
lass of quanti�er letters or quanti�er variables ofsome type (i = 1; : : : ; k). All expli
it o

urren
es of quanti�er let-ters inB, as well as o

urren
es of metavariables a1: : : am; b1; : : : ; bk,are bound. Further, there is a subsequen
e m1; : : : ;ml of 1; : : : ; nsu
h that every one of the metavariables Am1 ; : : : ; Aml is in thebinding s
ope of quanti�ers among whose operator variables o

ura1; : : : ; am, and possibly (only) some of the metavariables b1; : : : ; bk;the remaining metavariables Ai (i.e., with i 6= m1; : : : ;ml) may bein the s
ope of quanti�ers whose operator variables are o

urren
esof some of the metavariables bi.1 Furthermore, l = 0 i� m = 0. Fi-nally, the order of metavariables in the list b1; : : : ; bk is determinedby their �rst o

urren
es in B.(bS) Groups of bound letters of B remain groups of bound letters af-ter repla
ing the metavariables a1 : : : am by any letters from theirrange.(dS) The metavariables b1; : : : ; bk, unlike other metavariables, 
annotbe instan
iated independent of the values of other metavariables.Namely, the system of valuesa01 : : : a0m; A01 : : : A0n; b01; : : : ; b0kof metavariables (2) is admissible if and only if the following two
onditions are satis�ed:(d1S) The letters b01; : : : ; b0k are mutually di�erent, are di�erentfrom the letters a01 : : : a0m, do not have free o

urren
es inthe forms A01 : : : A0n, and do not have (any) o

urren
es in B.(d2) The indexes of the letters b01; : : : ; b0k are 
hosen minimal (re
allthat these letters are 
hosen from the alphabeti
 enumerationof quanti�er letters of the 
orresponding type).(
1) Let � be an admissible system of metavariables (2) with respe
tto an extension eTa of eT ; let A0 be the form of eTa obtained fromthe left-hand side of (1) by substituting the system �; and let B0be the form of eTa obtained from B �rst by substituting the system1The tuple (m1; : : : ;ml) is a
tually the binding indi
ator of �.



A N. BOURBAKI TYPE GENERAL THEORY 183� for 
orresponding metavariables, and then evaluating all ( = )-substitutions (if any) in the left to right inside-out order. Then theforms A0 and B0 have the same sets of free variables.2The expression A0 B0 (3)is 
alled an instan
e of de�nition (1).The de�nition of 
ontra
ting symbols of type IV 0 is obtained from theabove de�nition by removing the 
ondition (d2). If we require that B 
ontainno ( = )-substitutions, then from de�nitions of types IV and IV 0 we getde�nitions of types II and II 0, respe
tively (the 
ondition (
1) above istrivially valid for su
h B). And if we require that the list of additionalmetavariables b1; : : : ; bk be empty, we get de�nitions of types I and IIIfrom the de�nitions of types II and IV , respe
tively.The following is an example of a de�nition of a 
ontra
ting symbol oftype IV (resp. IV 0):91aA 9aA ^ 8a8b(A ^ (b=a)A! a = b);where a is an obje
t quanti�er letter (i.e., an obje
t variable or improper
onstant), and b is the obje
t quanti�er letter with the minimal index (resp.any obje
t quanti�er letter) that is di�erent from a and does not have freeo

urren
es in A. The following (simpler) de�nition introdu
es a 
ontra
tingsymbol, �, of types II and II 0, whi
h is not a 
ontra
ting symbol of type I .� AB 8b(b 2 A! b 2 B):By de�nition, a form A of the theory eT denotes or is a 
ontra
ted form ofany form of the theory T obtained from A by eliminating the o

urren
esof 
ontra
ting symbols in an inside-out order, i.e., by repeated repla
ementof o

urren
es of left-hand sides of de�nition instan
es (3) with the 
orre-sponding right-hand sides, in an inside-out order. It is proved in [3℄ thatsu
h pro
esses (
alled 
0-pro
esses) are all �nite (re
all that in the right-hand side of a de�nition only previously de�ned 
ontra
ting symbols mayo

ur) and end with 
ongruent forms of T . Thus any term of eT denotesexa
tly one form of T , up to 
ongruen
e. This allows us to de�ne the ax-ioms and inferen
e rules in the theory eT from the axioms and rules of thetheory T .More general pro
esses of re
onstru
tion of forms of T from the 
on-tra
ted forms, 
alled �-pro
esses, are also introdu
ed in [3℄, whi
h allow theelimination of 
ontra
ting symbols in any order. It is shown that, for the2We need to 
onsider an extension eTa of eT only if the alphabet of eT does not 
on-tain enough symbols to dete
t `erasure' of o

urren
es of free variables in the operands(arguments) of �a1 : : : am.



184 SH. PKHAKADZE
ase of 
ontra
ting symbols of types I; II; II 0, all su
h pro
esses again ter-minate with the same result, up to 
ongruen
e. Algorithms for 
omputingthe exa
t upper and lower bounds for the number of steps of �-pro
esses,as well as algorithms for 
onstru
ting the longest and shortest �-pro
esses,are also presented. Further results on �-pro
esses are obtained in [4℄, [5℄.2. The Theory T �A N. Bourbaki type general mathemati
al theory T � 
orresponding to thegeneral 
lassi
al mathemati
al theory T is de�ned as follows. The alphabetA� of the theory T � 
onsists of symbols of the alphabet A of the theory Tand of some of the symbols from the following lists:�0;�1;�2; : : : ; (4)�0;�1;�2; : : : : (5)Further, the alphabet A� 
ontains �n if and only if the alphabet A of thetheory T 
ontains n-ary quanti�er fun
tion letters, and A� 
ontains �nif and only if the alphabet A 
ontains n-ary quanti�er predi
ate letters.Symbols from the lists (3) and (4) are 
alled quasiletters. Further, �n is
alled (quanti�er) n-ary substantive (fun
tion) quasiletter, and �n is 
alled(quanti�er) an n-ary predi
ate quasiletter. Moreover, �0 is also 
alled anobje
t quasiletter and �0 is also 
alled a propositional quasiletter. By def-inition, n-ary predi
ate quasiletters and n-ary predi
ate letters are of thesame type, and similarly for n-ary fun
tion quasiletters and n-ary fun
tionletters.In the 
ase of the formal theory of N. Bourbaki, the alphabet 
ontainsonly one quasiletter { an obje
t quasiletter, and the symbol � is used for�0.All de�nitions in the theory T 
on
erning the notion of operator (inparti
ular, quanti�er) remain valid for the theory T �.Let �Æ1 : : : Æm be a quanti�er, where � is an operator sign and Æ1 : : : Æm areoperator letters. We 
all � �01 : : :�0m a quasiquanti�er if �0i is a quasiletterof the same type as Æi (i = 1; : : : ;m) and �0iÆ�0j if and only if Æ0iÆÆj . Inthe latter 
ase, � �01 : : :�0m is 
alled the quasiquanti�er 
orresponding to�Æ1 : : : Æm. The quasiquanti�er 
orresponding to �Æ1 : : : Æm is determineduniquely. However, the same quasiquanti�er may 
orrespond to di�erentquanti�ers. Moreover, the number of quanti�ers 
orresponding to a givenquasiquanti�er is in�nite.The operator letters of a quanti�er (whi
h are o

urren
es of letters)fall into groups of graphi
ally equal letters. These groups are enumeratedby positive natural numbers a

ording to the order of their �rst members,from left to right. Operator quasiletters in a quasiquanti�er are groupedand enumerated similarly.



A N. BOURBAKI TYPE GENERAL THEORY 185Symbols of the alphabet A� of the theory T � will also be 
alled signs.An assemblage of the theory T �, by de�nition, is a word of the alphabetA� of T � with links, where a link in an assemblage is de�ned as follows. Alink in an assemblage A 
onsists of verti
al segments 
oming out of symbolsof A, and of a minimal horizontal segment 
onne
ting the upper endpointsof all the above verti
al segments. Further, the number of verti
al segmentsin a link must be at least two, and there may be at most one verti
alsegment 
oming out of a symbol in the assemblage belonging to that link.It is required that the number of links in an assemblage be �nite, horizontalsegments not interse
t, any di�erent links 
ross only at separated (�nitenumber of) points. From the 
onditions above it follows easily that verti
alsegments do not interse
t. The links in an assemblage are enumeratedby positive natural numbers a

ording to the order of their �rst verti
alsegments, from left to right.Let A be an assemblage, let C be its link, let A be the set of all symbolsfrom whi
h verti
al segments of C are 
oming out, and let B be an arbitrarynon-empty subset of A. Then we say that C binds or links symbols in the setB. The phrase C binds a symbol a, where a is an element of A, is interpretedsimilarly. By the set of symbols bound by the link C we mean the maximalset of symbols bound by C.Clearly, any word of the alphabet A� is an assemblage of A�. The emptyword is 
alled the empty assemblage.The following is an example of an assemblage:� _ ^ 2 x y 2 z ^ �1 �0 �2Here the �rst link binds three symbols, and the se
ond one binds foursymbols.The base of an assemblage, by de�nition, is the word obtained from theassemblage by removing all links. Hen
e an assemblage 
onsists of a baseand a system of links.Let A be an assemblage, let C be a link of A, and let B be a part of thebase of A. We say that the link C is above the part B if it is possible todraw a verti
al segment out of a symbol of B that 
rosses the horizontalsegment of C. Here B 
an be a symbol of the base of A.In the above example of an assemblage, every link is above the �rsto

urren
e of the symbol 2. The �rst and se
ond links are above the symbol� (that is, above the �rst o

urren
e of the symbol �).We say that an assemblage B has an o

urren
e in an assemblage A ifA 
an be represented as A1; B;A2, where A1 and A2 are assemlages. Thetriple (A1; B;A2) will be 
alled an o

urren
e of the assemblage B in theassemblage A. The o

urren
es of B in A are enumerated a

ording to



186 SH. PKHAKADZEthe growth (of the length) of the �rst 
omponent. An o

urren
e will beidenti�ed with its se
ond 
omponent.An o

urren
e of an assemblage in an assemblage A will be 
alled a partof the assemblage A. It is easy to see that if B is a part of an assemblageA, then the system of links of the part (assemblage) B 
oin
ides with thesystem of all links of A that are above B.By de�nition, two assemlages are graphi
ally equal if their bases aregraphi
ally equal, the numbers of their links are equal, and the 
orrespond-ing links (i.e., links with the same numbers) bind 
orresponding sets of sym-bols (of the bases). We write the fa
t that A and B are graphi
ally equalas AÆB. Clearly, the graphi
al equality of assemlages is a generalization ofthe graphi
al equality of words.In the theory T �, formulas and terms are 
alled forms, where formulasand terms are de�ned as follows:1. If A is a propositional letter, then A is a formula.2. If A is an obje
t letter, then A is a term.3. If � is a simple n-ary operator (n > 0) with the logi
ality indi-
ator (n1; : : : ; nk) and A1; : : : ; An are su
h forms of the theory T �that An1 ; : : : ; Ank is the maximal subsequen
e of formulas in the se-quen
e A1; : : : ; An, then �A1; : : : ; An is either a formula or a termdepending on whether the operator � is relational or substantive.4. If �Æ1 : : : Æm is an n-ary quanti�er of the theory T � (or equiv-alently, of the theory T ) with operator letters Æ1 : : : Æm, logi
al-ity indi
ator (n1; : : : ; nk), and binding indi
ator (m1; : : : ;me), andA1; : : : ; An are su
h forms of the theory T � that An1 ; : : : ; Ank isthe maximal subsequen
e of formulas in the sequen
e A1; : : : ; An,then �Æ1 : : : ÆmA1; : : : ; An denotes the assemblage obtained from theassemblage BÆ�Æ1 : : : ÆmA1; : : : ; An in the following way. Let �0kidenote �ki or �ki depending on whether Æi is a ki-ary predi
atesymbol or a ki-ary fun
tion symbol (i = 1; : : : ;m). Further, letÆi1 ; : : : ; Æik be obtained from Æ1; : : : ; Æm by removing the repeatedo

urren
es (i1 = 1). Then we 
onstru
t a number of short verti-
al segments 
oming out of the expli
it o

urren
e of � in B, andenumerate them, from left to right, by positive natural numbers.Further, for every j 2 f1; 2; : : : ; kg, we repla
e every o

urren
e ofthe letter Æij in the parts Æ1; : : : ; Æm; Am1 ; : : : ; Ame of the assem-blage B by the quasiletter �0kij and, for every j 2 f1; : : : ; kg, we
onstru
t a link 
onne
ting the expli
it o

urren
e of � in B withthe substituted o

urren
es of the quasiletter �0kij in su
h a waythat the link 
ontains the j-th verti
al segment 
oming out of theexpli
it o

urren
e of � in B. The thus obtained assemblage isdenoted by the assemblage �Æ1 : : : ÆmA1; : : : ; An.



A N. BOURBAKI TYPE GENERAL THEORY 1875. A is a formula or a term if and only if this follows from Items 1{4above.The initial part of the base of the form B0, denoted by the assemblage�Æ1: : : ÆmA1; : : : ; An from the Item 4 of the previous de�nition, 
onsistingof m+1 symbols is a quasiquanti�er. In a pro
ess of 
onstru
tion of largerforms using the form B0 that quasiquanti�er does not 
hange.By de�nition, a part of a form A is a part of an assemblage A that is aform. A part of the form A is 
alled a propositional part or an obje
t partdepending on whether it is a formula or a term.Remark. The de�nition of a part of a form in the theory T � is simplerthan for the theory T (as in the 
ase of T � forms do not 
ontain quanti�ervariables). In the theory T , in a pro
ess of 
onstru
ting larger forms fromshorter ones, the latter forms be
ome parts of the 
onstru
ted (larger) forms.In the theory T �, this is not always the 
ase. Shorter forms sometimes
hange. Sometimes shorter forms do not 
hange, but still they do not remainparts of larger formulas when the latter are 
onsidered as assemlages. If ashorter form be
omes a part of a larger form (
onsidered as an assemblage),then it is also a part of the larger form. The above observations suggestthat the language of the theory T is more 
onvenient than the language ofthe theory T � (for studying some questions).Let us mention some properties of forms of the theory T � whose proofsare not diÆ
ult.(1) Every link of a form A of T � 
onne
ts an operator sign of the formA and some o

urren
es of the same quasiletter to the right of thatoperator sign.(2) If L1 and L2 are two di�erent links of a form of T � and A and B arethe sets of 
orresponding o

urren
es of symbols (i.e., the sets ofsymbols bound by these links), then either A and B do not interse
t,or their interse
tion is a singleton 
onsisting of an operator sign.Formulas (of T �) will be 
alled propositional forms and terms will be
alled obje
t forms. We 
all formulas, respe
tively terms, forms of the sametype. Forms de�ned in Items 1 and 2 are 
alled simplest forms { simplestformulas and simplest terms respe
tively.It is easy to see that:Proposition 1. Let � be an operator sign with weight (n;m), logi
alityindi
ator (n1; : : : ; nk) and binding indi
ator (m1; : : : ;mp), and let Æ1; : : : ;Æm;Æ01; : : : ; Æ0m and A1; : : : ; An; A01; : : : ; A0n be su
h sequen
es of letters and forms(respe
tively) that�Æ1 : : : ÆmA1; : : : ; An and �Æ01 : : : Æ0mA01; : : : ; A0nare forms of the theory T � (i.e., are denotations of forms of T �). Further,let the following 
onditions be satis�ed;



188 SH. PKHAKADZE1. AiÆA0i, i 2 f1; 2; : : : ;mg n fm1; : : : ;mpg.2. If i; j 2 f1; 2; : : : ;mg, then Æ0iÆÆ0j i� ÆiÆÆj.3. The letters Æ01 : : : Æ0m do not have o

urren
es in the bases of theassemlages Am1 ; : : : ; Amp .4. For every i 2 f1; : : : ; pg, the assemblage A0mi is obtained from Amiby simultaneous substitution of letters Æ01 : : : Æ0m for Æ1 : : : Æm.Then the forms �Æ1 : : : ÆmA1; : : : ; An and �Æ01 : : : Æ0mA01; : : : ; A0n of the the-ory T � are graphi
ally equal.Remark. The possibility of simultaneous substitutions mentioned in Item4 above follows from 
ondition 2. Simultaneous substitution of lettersÆ01 : : : Æ0m for letters Æ1 : : : Æm in a form A requires (exa
tly) the repla
e-ment of every o

urren
e of Æi in A by Æ0i. This is not always possible. Forexample, this is impossible if Æ1ÆÆ2 but Æ01 6 ÆÆ02.We will 
onsider a form A of the theory T as a denotation of the uniquelydetermined form A� of the theory T �, de�ned by the following algorithm �.We add to the alphabet of T a proper propositional 
onstant t and aproper obje
t 
onstant a, and obtain an extension T of T . We denote thisalphabet by A. The theory T � is obtained similarly.Steps of the algorithm � determine a �nite sequen
e of assemlages of thealphabet A [ f(; )g A0ÆA;A1; : : : ; Ak;whose last member is A�. Further, Ak is obtained from Ak�1 by removingall parentheses; and every Ai (i = 0; 1; : : : : ; k � 1) satis�es the following
onditions:A part of the assemblage Ai may be an expression en
losed in a pair ofparentheses. Every su
h an expression without the en
losing pair of paren-theses is a form of T �; and if we identify these expressions with t or adepending on their type, then Ai be
omes a form of the theory T . Further-more, Ak�1 does not 
ontain quanti�ers, and all the pre
eding membersdo.Finally, Ai+1 is obtained from Ai (i = 0; 1; : : : ; n� 2) as follows.We �nd in Ai the �rst from the right quanti�er �Æ1 : : : Æm with operandsA01; : : : ; A0n, where every expression en
losed in a pair of parentheses asabove is 
onsidered as the formula t or the term a. Further, by 
onsideringthe expressions with parentheses as forms of the theory T � (by removingthe parentheses), these operands be
ome forms A001 ; : : : ; A00n of the theoryT � (as they do not 
ontain quanti�ers). Further, we �nd the assemblagedenoted by the assemblage �Æ1 : : : ÆmA001 ; : : : ; A00n (as this is done in Item 4of the de�nition of a form). We en
lose thus obtained form of the theoryT � in parentheses and substitute it for the part �Æ1 : : : ÆmA01; : : : ; A0n in Ai.Now it is easy to prove



A N. BOURBAKI TYPE GENERAL THEORY 189Theorem 1. Any form A of the theory T is a denotation of the uniquelydetermined form A� of the theory T �. Further, two forms of the theory Tdenote the same form of the theory T � if and only if the two forms are
ongruent. And if a form A of the theory T is a denotation of the form A�of the theory T �, then either both forms are formulas, or both are terms (ofthe 
orresponding theories).It follows from the above theorem that, in order to determine the 
lassof all forms of the theory T that denote a form A� of the theory T �, it isenough to determine one denotation A of A�. (The 
lass of denotations ofthe form A� is the 
lass of all forms of T that are 
ongruent to A�.)A form A of the theory T whi
h denotes a given form A� of the theoryT � 
an be determined by the following algorithm �1.1. The zero step of the algorithm � needs to determine whether theassemblage A� 
ontains an operator sign with a link. If there is asu
h an operator sign in A�, then the algorithm � does not halt withthe zero step. Otherwise, the algorithm halts with the result A0ÆA�,and A0 (i.e., A�) is a form of the theory T and is a denotation ofthe form A�. In the latter 
ase, A� does not 
ontain an operatorsign and its denotation is determined uniquely (the 
lass of forms
ongruent to A0 (A0ÆA�) is a singleton 
ontaining A0 (i.e., A�)).2. If i > 0 and the algorithm does not halt with the (i�1)-th step, thenthe i-th step is de�ned as follows (it is assumed that Ak denotesthe result of the k-th step).Find in the assemblage Ai the �rst from the right quanti�er sign �with a link. Let C be the �rst link asso
iated with �. Repla
e allsymbols di�erent from � and linked by C by the quanti�er letter Æsatisfying the following 
onditions:(a) The type of Æ and the type of the symbols that it repla
es arethe same (the repla
ed symbols are graphi
ally equal quasilet-ters; that quasiletter will be denoted by �).(b) For every j 2 fi1; : : : ; ikg, Æ is admissible as the j-th operatorletter in the quanti�er obtained from �, where i1; : : : ; ik arethe numbers of o

urren
es of � in the part of the assemblageAi�1 
onsisting of m symbols following �.(
) Æ does not o

ur in Ai�1.(d) The subs
ript of Æ in minimal.The existen
e of su
h a quanti�er variable Æ follows from the de�-nition of forms. It is not diÆ
ult to 
hoose su
h a quanti�er letter,and the last 
ondition is introdu
ed to guarantee its uniqueness.Finally, we need to remove the above link C.The thus obtained assemblage is the result of the i-th step and isdenoted by Ai. The i-th steps needs also to determine whether the



190 SH. PKHAKADZEassemblage Ai 
ontains an operator sign with a link. If there is su
han operator sign in Ai, then the algorithm does not halt. Otherwise,the algorithm halts with the result Ai { Ai is a form of the theoryT and is the desirable denotation of the form A� (any link of a formin the theory T � is asso
iated with an operator sign). Clearly, thetype of the form Ai 
oin
ides with the type of the form A�.We will use forms of the theory eT to denote forms of theory T � (where eTis the extension of the theory T with 
ontra
ting symbols of types I � IV ,II 0 and IV 0) as follows: If the form eA of the theory eT denotes a form Aof the theory T , and A denotes the form A� of the theory T �, then wewill assume that eA is a denotation of the form A� of the theory T �, andthat 
ontra
ting symbols of the theory T , of one of the types above, are
ontra
ting symbols for the theory T � of the same type.Referen
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esses. (Russian) Tbiliss.Gos. Univ. Inst. Prikl. Mat. Trudy 26(1988), 34{59.5. V. Sh. Pkhakadze, Substitution theorems and 
onne
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esses and �-pro
esses. (Russian) Tbiliss. Gos. Univ. Inst. Prikl.Mat. Trudy 26(1988), 60{106.(Re
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